Let L be a left-invariant differential operator on the Heisenberg group. In this paper, we elucidate certain properties of the (2n+1)-dimensional Heisenberg group, and construct a fundamental solution for an invariant differential operator of the form Lu = f on the group, where f, is a spherical function.
Preliminaries
The Heisenberg group (of order n), IH n is a noncommutative nilpotent Lie group whose underlying manifold is I C n × IR with coordinates (z, t) = (z 1 , z 2 , ..., z n , t) and group law given by (z, t)(z , t ) = (z +z , t+t +2 m z.z ) where z.z = n j=1 z jzj z ∈ I C n , t ∈ IR.
Setting z j = x j +y j , then (x 1 , x 2 , ..., x n , y 1 , y 2 , · · · , y n , t) forms a real coordinate system for IH n . In this coordinate system, we define the following vector fields:
It is clear from [8] that {X 1 , X 2 , ..., X n , Y 1 , Y 2 , ..., Y n , T } is a basis for the left invariant vector fields on IH n . These vector fields span the Lie algebra h n of IH n and the following commutation relations hold:
Similarly, we obtain the complex vector fields by setting
which give the commutation relations
The Haar measure on IH n is the Lebesgue measure dzdzdt on I C n × IR [8] . In particular, for n = 1, we obtain the 3-dimensional Heisenberg group
Hence IH n may also be referred to as (2n + 1)-dimensional Heisenberg group.
Main Results
Definition 2.1 A linear partial differential operator with smooth coefficient (of order m) is an operator of the form
If a α s are constants, we call L a constant -coefficient operator. An operator that occurs as an analogue (for the Heisenberg group) of the
where α is a parameter) and defined by
so that L α can be written as
L α is called the sublaplacian. L α satisfies symmetry properties analogous to those of Δ on IR n . It is leftinvariant on IH n , of degree 2 with respect to the dilation automorphism of IH n and is invariant under unitary rotations.
A differential operator L on IR n is said to be locally solvable at
, there is a function (or a distribution) u and a neighbouhood U of x such that Lu = f holds (in the sense of distribution) on U. Not all partial differential operators are solvable [10] . For example, in [3] , it was shown that the Heisenberg Laplacian (i.e., L α , α = 0) of the form
which can be expressed in the factorized form AA † where
is not solvable. Consequently, it was shown that this operator is nowhere solvable and a trivial group-invariant solution was constructed on the group. In this paper, we shall give a fundamental solution to invariant differential equation of the form
where f is a spherical function and u is an element of the universal enveloping algebra U(h) K of the Heisenberg group invariant under K, a compact subgroup of automorphism of IH n . This solution is found to be consistent with the solution in [5] . In the sequel we give a layout of our method following [5] .
Let K ⊂ G be a compact subgroup of G and denote by C c (K \ G/K), the space of continuous functions with compact support on G which satisfy
Suppose that K is a compact group acting by automorphism on G via some homomorphism φ : K → Aut(G), we can form a semidirect product K G with the group law
Given a locally compact group G and a compact subgroup
biinvariant functions on G is commutative under convolution. Perhaps the best known examples are those defining symmetric spaces, that is a connected semisimple Lie group with finite centre and K is maximal compact subgroup. The analysis associated with such pairs play an important role in the representation theory of semisimple Lie groups and has extensively been developed Helgason [7] . In sharp contrast to this, one might begin to assume that G is a solvable Lie group. But then, if G is simply connected (like IH n ) for example, there may be no non-trivial compact subgroups. One can however, consider pairs of the form (K IH n , K) where K is a compact subgroup of Aut(G), the group of automorphism of G. In our case, G := IH n , K ⊆ U(n) is a maximum compact connected subgroup of Aut(IH n ) for which (K IH n , K) is a Gelfand pair. This is denoted by (K, IH n ). An important ingredient in this theory of Gelfand pair (K, IH n ) is the representation of K on the space of polynomials 
. More general theories on this can be seen for example in [2] . An elementary spherical function φ is defined to be a K-bi-invariant continuous function which satisfies φ(e) = 1 and such that f → f * φ(e) defines an algebra homomorphism of C c (K \ G/K).
The elementary spherical functions are characterised by the following properties (see [4] , [7] ): (i) They are eigenfunctions of the convolution operator:
(ii) They are eigenfunctions for a large class of left invariant differential operators on G.
(iii) They satisfy
Now, on the Heisenberg group, we consider K a compact group of subgroup of automorphisms of IH n such that the convolution algebra L Henceforth, let G := K IH n be the semidirect product of K and IH n via the group homomorphism φ :
Here, u = (z, t) = (x, y, t) where z ∈ I C, t ∈ IR or x, y ∈ IR n , t ∈ IR. The multiplication of any two elements say, g 1 = (k 1 , u 1 ) and g 2 = (k 2 , u 2 ) of G is given by
The inverse element of any g ∈ G is given by
= (−k, (−kz, −t)) where k(z, t) = φ(k)(z, t).
In what follows, we shall adopt completely all the notations of [5] . Let C ∞ (G), D(G), D (G) be the spaces of C ∞ -functions, C ∞ -functions with compact support and distributions on G respectively. Let U be the complexified universal enveloping algebra of the real Lie algebra G of G, which is isomorphic to the algebra of all distributions on G supported by {0}, where 0 is the identity element of G. For any u ∈ U, we can find a differential operator P u on G such that
for any f ∈ C ∞ where dg = dxdydtdk is the Lebesgue measure on G = K IH n which is the Lebesgue measure on IR 2n+1 , gk = (k ; (z , t )), gk = (k; (z, t)) and * denotes the convolution product on G. The Schwartz space S(G) K is the Schwartz space S(IR 2n+1 ) of the group IR 2n+1 .
Definition 2.2:
Let f be an element of S(G). Then the spherical transform f of f is defined by
is a Banach * -algebra homomorphism with image dense in D(G)
K and f ∞ ≤ f [4 ] .
Now, for any two elements ((k
where u 1 = (z 1 , t 1 ) and u 2 = (z 2 , t 2 ). Definition 2.3:
Theorem 2.4:
The spherical transform F satisfies:
is the Lebesgue measure on IR 2n+1 , * denotes the convolution operator and F is the inverse of the spherical transform.
Proof:
Recall that the spherical transform T :
Here, we have used the well-known property of Fourier transform on convolution,
and the converse is immediate. 2
Definition 2.5: For every
The function can be seen to be bi-invariant in the sense that 
For specifically, if f, g ∈ S(IR), then,
Thus, U is a continuous linear map from the space S 0 (IR) into the space L(S(IR), S * (IR)) [6] . In the case where the distribution is given by a Schwartz function f, the distribution f is given by an operator-valued function
and the inversion coincides with the usual one.
Definition 2.7:
The convolution of a distribution U and a Schwartz function f on IH n is defined by
For u ∈ S(G) and f ∈ D(G//K), we define the convolution of u and f on G by
It can be seen immediately that if f ∈ D(G//K) and u is a distribution, we have
Theorem 2.8:[5]
For every u ∈ U, there is a T ∈ D (G) such that
where δ G is the Dirac delta measure on G at the identity element of G, * denotes the convolution product on G.
Proof: Let P η be the polynomial
which is obtained by translation, where ξ = (μ, (λ, η)) ∈ K IH n . Let T be a distribution on G defined by Now, we can define a distribution T on G, which is invariant in the sense that
By Hormander's construction and the last theorem, we obtain for any u ∈ U,
where δ G is the Dirac measure at the identity element of G. This gives u * T(k, (z, t); x) = δ G (k, (z, t); x).
Consequently, we have by invariance
u * T(k, (z, t); 0) = δ G (k, (z, t); 0) whence the theorem. 2 Finally, we show that this result can be extended to E by using a specific radial Schwartz function as constructed by the author in [4] . where u = (z, t) ∈ IH n , k ∈ K = Aut(IH n ), t ∈ IR and |.| is the Heisenberg norm. Clearly, Φ λ ∈ S rad (G) and therefore, Φ λ = F (Φ λ ) ∈ S rad . Now, if T ∈ E rad (G), and U ∈ S(G), then
and by restriction, we get U * rad T (k, (z, t); 0) = U * T (k, (z, t); 0).
